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Abstract

From our previous analytic solutions of the Ornstein—Zernike equation in the
mean-spherical approximation (Yasutomi M 2001 J. Phys.: Condens. Matter
13 L255), we obtain an analytic structure factor for a multicomponent fluid
with a screened Coulomb plus power series interaction expressed as

r
Cij(r) ¢’J( ) — Z Z K(n T) 1:+1 Fle— " ol <r

n=1t=—1
where ¢;;(r) is the direct correlatlon function, r the interparticle separation,

¢;;(r) the interaction potential, kg Boltzmann’s constant, 7" a temperature, L an
(n,7)

arbitrary integer, K, and z, constants, and o;; the distance at contact of the
pair (i, j) of partlcles Because almost all of the interaction potentials between
particles can be well approximated by the above closure, the present results
will be applicable to a large variety of colloidal fluids under the mean-spherical
approximation. As an example we show a structure factor for multicomponent
fluid of Lennard-Jones particles.

In the previous work (Yasutomi 2001), we have obtained analytic solutions of the Ornstein—
Zernike (OZ) equation for systems of hard spheres with a screened Coulomb plus power series
interaction expressed as

¢ij(r) = ¢,,(r) = Z Z K(n aylrten oj=(0;+0,)/2<r (1)

n=1t=-1

and
g,‘j(l’)E/’l,‘j(l‘)+1=O r < ojj (2)
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where L is an arbitrary integer, ¢;;(r) and h;;(r) are, respectively, the direct and the total
correlation functions for two spherical molecules of species i and j, r is the interparticle
separation, o; is the diameter of the spherical hard core of species i, K [(;"T) and z,, are constants
to be adjusted according to physical arguments, ¢;;(r) is the pair-interaction potential in the
mean-spherical approximation (MSA), kg is Boltzmann’s constant, and 7 is a temperature.
We note here that the solutions for the Yukawa-type and Sogami—Ise-type closures (Sogami
and Ise (1984) and Yasutomi and Ginoza (2000)) for a multicomponent fluid are given when
L = —1 and 0, respectively.

The physical properties of the system are obtained from the total correlation function
hi;(r) or the distribution function g;; (r). So far, these functions have been obtained for neutral
hard-sphere interaction (Henderson et al 1976, Waisman et al 1976, Thompson et al 1980,
Henderson et al 1980, Plischke and Henderson 1986), sticky hard-sphere interaction (Baxter
1968, Perram and Smith 1975, Barboy and Tenne 1979, Ginoza and Yasutomi 1996), a Yukawa
potential (Waisman 1973, Blum and Hgye 1978, Blum 1980, Ginoza 1985, 1986), and sticky
hard-sphere Yukawa interaction (Yasutomi and Ginoza 1996). In the previous work (Yasutomi
2002) we have applied the closure (1) to one-component fluid and obtained the structure factor.
In the present letter we shall extend the work to a multicomponent fluid. The results would
provide a useful model basis for studying a large variety of multicomponent fluids because
the interaction potentials between particles can be well approximated by the present closure.
As a demonstration, we show a structure factor for multicomponent fluid of Lennard-Jones
(LJ) particles. We have closely followed the exposition of our previous work (Yasutomi 2001,
2002) and the interested reader is referred to that for details.

The total structure factor S(k) is given by

Sty = (cic))' S (k) 3)
ij
and the partial structure factor S;; (k) is expressed as
Sij(k) = 8 — 2Re[{T D (ik)} ;51 4)
where
~ 2 -
(PO = == (e pgi; () )

with k = (4mwn/))sin(0/2) (n is the refractive index of the medium; X is the wavelength of
light; and 0 is the scattering angle) and ¢; = p;/p (p; is the number density of particle j and
p the total number density).

The partial radial distribution function is calculated from

1 oo
=1+ — dk [S;; (k) — 8;;1ksink 6
and its contact value g;;(o;;) is given by
L+1 .
27018ij(01j) = Ajoij + Bj — > e %z, Y (2403) C{Y (zn). @)
n=1 k=0
The total radial distribution function is calculated from
(o]
glr) =1+ / dk [S(k) — 1]k sinkr. ®)
272pr Jo

The Laplace transforms g},’") (s) are defined as

oo

2mpigy" () = 2mpy / dxe " x"gu(x) = s> "y (s). ©)

gil
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It satisfies the following equation:

DN 273 ) [8j0ms — ClpO) (i)
l =0

L+1

(m+1)(0”’ $) + Bjx(m)(alj7 5) — Z ZZT+1C(T)(Zn)X(m+T)(Gij7 Zn +5)
=0

(10)
where C); = n!/m!(n — m)!. The coefficients A;, B;, and Ci(‘]-t)(z,,) and functions Ql(;l)(is)
and x ™ (o;;, 5) are given in appendix A. We can write equation (10) in matrix form as

D T Q" dis) = A (s) (an
£=0
where
~ 27
(L @)y = = (eicp) 0z (5) (12)
(0 i)}y = 8118me — CL (cic))/2p O (is) (13)
and
A (m 'O(Cic')l/z m m
{A™ (s)}ij = f’ Ajx "D (03, 8) + Bix ™ (01, 5)
L+1
_ Z X:ZTHC(T)(Zn)X(m+r)(o,ij7 n + S)} (14)
From equations (11) and (13) we obtain
I (s) = A) 0" s)~". (15)

The matrlces Q(’" ) (is) and f\(m)(s) in equation (11) are determined by the two sets
of coefficients [yl i )(z,,) D(k) (z4)] which are obtained by solving the following two sets of
equations:

Zifm)‘(-mﬂ)(Zk) N N Ll
— = AT @A+ B @B+ Z Z C (e 2O ()
J n=1 t=
£y Z ZDE,’}I DG ) DY ) (16)
n=1 r=—1

and
2K Y =znZD(’” V(@n)l80 — p Q) (iza)]

— zu(m +1) Z D" )81+ zup1 OY) (iz0) — pr O (zn)]

+ Z ZD(”(zn) " i ner W05 (i)

T=m+l
— 205 "”ozn)] (17
where coefficients Afj )(z0), Bi(j’.")(zk), CA'I.(I’;?’ )(Zk, zn), and Dllj 2k, z,) in equation (16)

are given in appendix B. Those equations can be solved by the Newton—Raphson iteration
technique. A physical branch of the solution has to be chosen from the manifold of solutions.
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Table 1. Lennard-Jones parameters.

Molecule i €;/kp (K)  o; (nm)

1: Ar 119.8 0.335
2: Kr 169.04 0.3581
3: Xe 237.74 0.3790

To solve (16) and (17) for coefficients [yi(jm)(zn), Di(j]f) (zn)] we first multiply ¢;;(r) by a
factor f. We next change f from 0 to 1 through some steps. When we get solutions for f in a
certain step, we can use them as approximate solutions to the next step. Then we obtain more
exact solutions by the Newton—Raphson method. In this way we can finally obtain correct
solutions for f = 1 after some steps. Thus, our problems are reduced to obtaining the solutions

for f = 0. In this case, from (17) and (A.3) we obtain

DI V@) =CP@) =0  (m=0,1,2,....L+1). (18)
Substitutions of (18) into (A.1), (A.2), (A.4), (A.7), and (14) lead to
2w 49 O (7 2 2
2 o) pleic)'? ey (m)
(A" (zi)}ij = T{A;’X (0ij, zk) + Bjx " (0ij, zi)} (20)
and
e ™4 O (iz) = LA; 0" (21, 0) + B @ (21, 0). @1)

From equation (11) we finally obtain
I = A0 @) 0" (iz) ™! 22)

andforL+1>m>1

m—1
PO () = [A<m>(zk) - f@”)(sz(’"f)(izk)} 000 (iz)~". (23)
£=0

We believe that the present results can be applied to almost all of the multicomponent
fluids. As a demonstration, we show here a structure factor for a fluid of multicomponent LJ
particles.

We assume that the LJ fluid is composed of argons, kryptons, and xenons and express
their relevant quantities by 1, 2, and 3, respectively. The temperature is 299.5 K, the packing
fraction 7¢3/6 = 0.1, and ¢; = ¢, = ¢3 = 1/3. The potential between two LJ particles i and
J 1s written as

S\ 12 N6
¢ij(r) = 46‘,‘[(%) - (%) i| €= (Giej)l/z, 24)

Their LJ parameters adopted are listed in table 1. We can approximate the LJ potential by
equation (1) as

B 20
¢];/ (]’:) - _ Z Ki(;)Zt+lrre_zr~ (25)
B .

T=—1

Figure 1 shows that the LJ potential (solid curve) for each particle pair (i, j) is well
fitted by equation (25) (filled circles) where zoy = 12.63001, and parameters aijr) =
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Figure 1. The LJ interaction potentials (curves) and their approximate potentials (filled circles)
given by equation (25). The letters a, b, c, d, e, and f attached to the curves indicate the particle
pairs (1, 1), (1, 2), (1, 3), (2, 2), (2, 3), and (3, 3), respectively, where 1, 2, and 3 indicate argon,
krypton, and xenon, respectively.
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Figure 2. The partial structure factors S;; (ko) for a L] multicomponent fluid. The letters attached
to the curves have the same meaning as in figure 1.

—(kgT/€;j)(K i(j.r) /01)(zo1) ™+ are listed in table 2. The partial structure factors are shown in
figures 2(a) and (b) and the total structure factor is shown in figure 3. Figure 4 shows the partial
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Figure 3. The total structure factor S(koy) for a LJ multicomponent fluid.
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Figure 4. The partial distribution functions g;;(r/o1) for a L] multicomponent fluid. The letters
attached to the curves have the same meaning as for figure 1.

distribution functions and figure 5 the total distribution function. The letters a, b, c, d, e, and
f attached to the lines indicate the particle pairs (1, 1), (1, 2), (1, 3), (2, 2), (2, 3), and (3, 3),
respectively. We have also obtained the structure factors for the same model parameters but
for (T = 1409 K, 7¢3/6 = 0.3) and (T = 100.0 K, w¢3/6 = 0.4), respectively, though the
results are not shown here. At least in the range of model parameters considered here, it is
easy to solve the equations. We will report on the stable and efficient method of computation
in the near future.
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Figure 5. The total distribution function g(r/o7) for a L] multicomponent fluid.

(7)

Table 2. Fitting parameters a; -

T oay ayy ayy ayy) ayy) agy

1 —2.4580 x 108 27925 x 107 1.4034 x 10° —9.7238 x 107  8.7895 x 10  2.5382 x 108
0 13254 x 10°  6.2335 x 103 —3.4650 x 10°  1.1631 x 10° —1.6492 x 10°  4.5609 x 108
1 —1.1895 x 10° —9.7238 x 103 9.3477 x 108 —1.3830 x 10° —1.6185 x 108 —1.3759 x 10°
2 —2.1594 x 10° —1.7438 x 10°  1.7278 x 10° —2.4892 x 10° —2.3098 x 108 —2.4409 x 10°
3 1.7098 x 10°  1.8875 x 10°  1.2966 x 10°  2.3851 x 10°  2.1930 x 10°  3.1115 x 10°
4 35662 x 10° 34187 x 10° 42967 x 10°  4.5509 x 10° 25271 x 10°  5.2852 x 10°
5
6
7
8

—1.3846 x 10° —1.9011 x 10° —3.0507 x 10° —2.2329 x 10° —3.2613 x 10° —3.3784 x 10°
—2.6097 x 10° —2.7084 x 10° —1.0827 x 10° —3.4988 x 10° —2.6664 x 10° —4.3465 x 10°
—1.8915 x 10° —1.6869 x 10°  6.6000 x 103 —2.3114 x 10° —8.4370 x 108 —2.5132 x 10°
1.3062 x 10°  1.6792 x 10° 22638 x 10°  2.0137 x 10°  2.6199 x 10°  2.9222 x 10°

9 41340 x 10°  4.3514 x 10°  2.0857 x 10°  5.5905 x 10°  4.4800 x 10°  7.0251 x 10°
10 63916 x 107 —2.6079 x 108 —1.7115 x 10° —1.7939 x 108 —1.2311 x 10° —6.4698 x 108
11 —3.5802 x 10 —3.9785 x 10° —2.9256 x 10° —5.0116 x 10° —4.7133 x 10° —6.5674 x 10°
12 —1.4981 x 10° —1.4093 x 10°  1.3298 x 108 —1.8901 x 10° —9.6075 x 108 —2.1601 x 10°
13 23349 x 10  2.6730 x 10° 23289 x 10° 33316 x 10°  3.3846 x 10°  4.4627 x 10°
14 21255 x10° 22385 x 10°  1.0898 x 10°  2.8752 x 10°  2.3128 x 10°  3.6153 x 10°
15 —2.1637 x 10 —2.4850 x 10° —2.2078 x 10° —3.0937 x 10° —3.1700 x 10° —4.1539 x 10°
16 —1.0309 x 10° —1.0637 x 10° —4.1417 x 108 —1.3766 x 10° —1.0356 x 10° —1.7029 x 10°
17 19768 x 10° 22061 x 10°  1.6819 x 10°  2.7744 x 10°  2.6440 x 10°  3.6475 x 10°
18 —9.9620 x 103 —1.1340 x 10° —9.6748 x 108 —1.4161 x 10° —1.4206 x 10° —1.8892 x 10°
19 22738 x 103 2.6205 x 108 2.3826 x 108  3.2580 x 108 3.3698 x 108  4.3856 x 108
20 —2.0330 x 107 —2.3649 x 107 —2.2503 x 107 —2.9307 x 107 —3.0999 x 107 —3.9713 x 10’

The present results would provide a useful model basis for studying a large variety of
multicomponent fluids. We will apply the analysis to a standard problem in liquid-state physics
and many other problems that could be tackled as well, including colloidal physics, and report
on our work in the near future.
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Appendix A

The coefficients A, B;, and Ci(‘;)(zn) and functions Ql(;l)(is) and x ™ (0}, s) in equation (10)
are

2
Aj= ”[1+ 0B - ZZZpDﬁ,‘”(zaHé‘“O)(zn)} (A1)

n=1 p=-—1
Bj =B, —30jA; (A2)
k k—1 k & k—2
C\(zn) = —Dj~ >(zn)+(k+1>Df)(zn)+Z Z CHIDI P @y @) (A3)

e M O (is) = LA, "™ (s, 0)
L+l kK& (k)
B .cp(’,"”*’")(s 0) + q)(l_"n+k—$,m)(s’ Z)
S 1 kX(; EX; (k—&)! ’

n=

+ Z Z D(T)(Zn)zt+1 7SA1,X(m+‘L'+1)()\’ 1y Zn +S) (A4)
n=1 r=—1
and
k ’y b
x® b, a) =kle™ ;m b #0) (A.5)
®0, x +iy) = i k+Dtan' 2 | —isin| (k+1)tan~" 2 A6
X(,x+1y)_mcos(+)an;—1sm(+)an; (A.6)
where
b4
By =30+ Z Z szD(”(zn)[H,;“’”(zn)— LoiHY" (20)] (A7)

n=1 p=-1
e M (s, 2) = X Ay z+8) — x (o1 T +5)
_Gl:; m =201 [X(m)()\/l 5) — (m)(oj],s)] (A.8)
™ @) = 2 D O, 2) = @470, 2]

ol ko k=g

DD *k—8)] Z O 0, 20 Ol T (). (A9)

k=0 £=0

Also, & =Y, pof, A =1—mg3/6,and A j; = (0 — 07)/2.

Appendix B

The coefficients Ag-")(zk), éigm)(zk), CA‘,.(,';?’T)(zk, Zn), and IA)f,r;"T)(zk, Z,) in equation (16) are

Afj-")(Zk) _ X(m+1)(0'J,Zk) +1 Zezm Zzl Eyl@*”(Zk)Cg”cb,(fl_m’m_g)(Zk,0) (B.1)

éi(]m)(Zk) _ X(m)(aija ) + Zezk/\,j Zziféméﬂ)( )CS CD(’" E+1,m— é)( 2, 0) (B.2)
l £=0
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m T T—u
A(m, M 1- 1 z et pme
Ci(z;l 2@k zn) = e*H T sz it )(zk)Cé" Z (z n_ );q)l(./r'n T @ 2)

=0 u=0 K

— 8uzt " (0, 2 + 21) (B.3)
and
A < |
DI G zn) = 25 Y 2 vl @O CE T (i 2 + 200 (B.4)
£=0
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